Geometrical and topological phases play a fundamental role in quantum theory. Geometric phases have been proposed as a tool for implementing unitary gates for quantum computation. A fractional topological phase has been recently discovered for bipartite systems. The dimension of the Hilbert space determines the topological phase of entangled qudits under local unitary operations. Here we investigate fractional topological phases acquired by photonic entangled qudits. Photon pairs prepared as spatial qudits are operated inside a Sagnac interferometer and the two-photon interference pattern reveals the topological phase as fringes shifts when local operations are performed. Dimensions d = 2, 3 and 4 were tested, showing the expected theoretical values.
Geometrical and topological phases play a fundamental role in quantum theory. Geometric phases have been proposed as a tool for implementing unitary gates for quantum computation. A fractional topological phase has been recently discovered for bipartite systems. The dimension of the Hilbert space determines the topological phase of entangled qudits under local unitary operations. Here we investigate fractional topological phases acquired by photonic entangled qudits. Photon pairs prepared as spatial qudits are operated inside a Sagnac interferometer and the two-photon interference pattern reveals the topological phase as fringes shifts when local operations are performed. Geometrical phases were introduced long ago in a seminal work on polarization transformations in classical optics [1, 2] . Later, geometrical and topological features were demonstrated to play a fundamental role in the realm of quantum theory [3, 4] . Tomita and Chiao verified experimentally the existence of Berry's phase and its topological properties at the classical level in helically wound optical fiber [5] . Geometric phases were measured by using coincidence detection of photon pairs produced in parametric down-conversion in conjunction with a Michelson interferometer [6, 7] , by changing adiabatically the polarization state of the photon pairs [8] , with single photons in a mixed state of polarization by using a Mach-Zenhder interferometer [9] or in a polarization pure state by using a polarimetric technique [10] . More recently, they have been proposed as a robust tool for implementing unitary gates for quantum computation [11, 12] . From this perspective, the geometric phase on entangled bipartite systems and the role of entanglement in its topological nature have been discussed both theoretically [13] [14] [15] and experimentally [16] [17] [18] for twoqubit systems. Later, they were generalized to pairs of qudits of any dimension [19, 20] and to multiple qubits [21] , showing that the dimension of the Hilbert space plays a crucial role in determining fractional topological phases in both cases. A recent review on this rich subject can be found in Ref. [22] . Although experimental schemes for demonstrating these fractional values have been proposed [23, 24] , they have not been implemented so far. In a broader context, fractional phases may be revealed in quantum Hall systems, related to different homotopy classes in the configuration space of anyons. This nontrivial topology has been conjectured to be a possible resource for fault tolerant quantum computation [25] .
In this work we present experimental results of fractional topological phase measurements on entangled qudits. A qudit is a quantum state that belongs to a d-dimensional Hilbert space (d > 2). A quantum system in a general qudit state can be written in terms of d states that form a basis in the d-dimensional Hilbert space. Photonic qudits with dimensions d = 3 and 4 and qubits (d = 2) were encoded on the transverse positions of quantum correlated photon pairs generated by spontaneous parametric down conversion (SPDC). The photon pair is subjected to local unitary applied to their spatial degree of freedom using a spatial light modulator (SLM). In order to eliminate any dynamical phase contribution, these operations are restricted to SU(d). The topological phases are measured as the phase shift of an interference pattern with respect to a reference pattern obtained without the SU(d) operation. For SU(d) transformations the dynamical phase vanishes identically. This has been demonstrated in three other previous theoretical works [19, 20, 24] . Fractional topological phases are observed through polarization-controlled two-photon interference [26, 27] . Mukunda and Simon added an important contribution to the understanding of geometric phases in terms of a kinematic approach [28] . When applied to a pair of d-dimensional entangled systems (qudits A and B), following a cyclic evolution under local unitary operations, this approach allows the derivation of a general formula,
is a phase contribution dependent on the whole evolution history of qudit A(B) [19, 20] . For example, for qubits, this phase contribution encompasses the usual Bloch sphere solid angle. Note that Bloch sphere representation is restricted to SU(2), so that it does not apply to higher dimensions (d > 2).For maximally entangled states (C = C m ), only the fractional values 2nπ/d can appear under local unitary evolutions. Our results show clear evidence of the 2π/d (n = 1) theoretical prediction. The term fractional phases is used here in analogy to the phase acquired by the quantum state of identical particles when they are interchanged. In three dimensions we have 0 for bosons and π for fermions. However, the quantum state of identical particles in two dimensions can acquire fractional phases of the form 2π n when the particles are interchanged. This is usually referred to as fractional statistics and the corresponding particles are called anyons. It has potential applications to quantum Hall effect and fault tolerant quantum computation as mentioned above. There is already a quite extensive literature on these subjects [29] [30] [31] [32] [33] [34] . However, the connection between fractional topological phases and high dimensional entangled states is recent and the results shown here represent an experimental demonstration.
Measurement of the topological phase for qudits is a challenging task. First we have to prepare a two-qudit photonic entangled state close to a maximum entangled state. Then, it is necessary to apply a suitable local unitary operation to one of the qudits of the pair. The third requirement is to set an interferometer with two possible arms where the two-qudit initial state interferes with the same state transformed by the SU(d) operation. Fig. 1 shows schematically how we measured the topological phase. Two photons entangled in their transversal paths with orthogonal polarization are split by a polarizing beam splitter (PBS) in two different longitudinal paths. After each photon crossed a half wave plate (HWP) they propagate in a superposition of vertical and horizontal polarization states. A local unitary operation U s is then applied to the transversal path degree of freedom restricted to the horizontal component of one of the photons. Now the two photons exit the second PBS, have their polarizations rotated by 45 and are detected in coincidence after their horizontal components are filtered by a polarizer (not shown in Fig. 1 ). We detect the interference between the entangled two-photon state in path variables and the same state after the application of a local unitary operation to the path degrees of freedom.
The qudits are encoded in the transverse paths of the photon pairs generated by SPDC and therefore the photon transverse paths must be well defined during their propagation inside the interferometer. Polarization is used as an ancillary degree of freedom for conditional operation on the qudits. Fractional topological phases are obtained from the fringe displacement caused by local SU (d) operations applied to the spatial qudits. The experimental setup is shown in Fig. 2 . A spherical lens L p placed before the crystal, focuses the pump laser beam on the multislit plane, dictating the spatial correlations of the down-converted photons [35] [36] [37] . The slits are placed after the crystal as shown in Fig. 2 . The number of slits set the dimension of the photon path states. A slide containing different multiple-slit arrays (lower inset in Fig. 2 ) can be displaced vertically such that a two-qudit state with a different dimension can be prepared without modifying the setup. Quartz plates introduced after the multiple-slit correct the delay between the orthogonally polarized photons providing indistinguishable photon states in longitudinal space-time variables [38] [39] [40] . The three cylindrical lenses L c in the setup are essential to keep the transverse paths well defined.
After the photon pair enters the interferometer, the two-photon state is written as
where α mn is the probability amplitude for the horizontally polarized photon (H) to cross slit m and the vertically polarized phton (V) to cross slit n . By focusing the pump beam on the plane of the slits, we produce antisymmetric maximally entangled states [35] [36] [37] . For example, for d = 3 the only amplitudes different from zero in Eq. (1) are α 13 = α 22 = α 31 = 1/ √ 3 [35] . The SLM in the Sagnac interferometer modulates only the phase of horizontally polarized photons, acting as a regular mirror for vertically polarized photons.
Signal and idler photons are labeled with horizontal and vertical polarizations, respectively. After crossing the PBS, the signal photon passes through a HWP that rotates its polarization by 45, making |mH s → (|mH s + |mV s )/ √ 2. Then, it follows through a phase shifter (Ph-Sh) composed by two quarter wave-plates (QWP) oriented at 45, one HWP at a fixed angle φ and another HWP at a variable angle φ + θ (upper right inset of Fig. 2) . The Ph-Sh introduces a 4θ phase difference between the horizontal and vertical polarization components [41] , making (|mH s + |mV s ) → (|mH s + e 4iθ |mV s ). At the SLM, an unitary operation
e iξ k |k k| is applied to the horizontal polarization component, making (|mH s + e 4iθ |mV s ) → (e iξm |mH s + e 4iθ |mV s ). ξ k is the path phase added to the photons that cross the slit k. This operation is implemented by addressing d rectangular windows on the SLM (upper left inset of Fig. 2) , each one matching a given slit image with a specific gray scale related to the corresponding value of ξ m . The phase response of the reflecting SLM varies with the gray scale on the liquid crystal screen [42] . The discrete topological phases are expected for unitary transformations restricted to SU(d), which in this case means k ξ k = 0. The SLM is controlled to fulfill this condition.For example, for qutrits (d = 3) this operator is a diagonal 3 3 matrix [expiφ 1 , expiφ 2 , expiφ 3 ], and the SLM is programed to make φ 1 + φ 2 + φ 3 = 0 such that the operator performed is SU(3) (unit determinant).
The idler photon has vertical polarization, being insensitive to the SLM. After the Ph-Sh and the HWP, the idler state components follow the sequence m,n |α mn e iξm − e 4iθ α nm | 2 . As the Ph-Sh's angle θ is varied, the coincidence counts show interference fringes that depend on the photon path state being prepared by the slits (α mn ) and on the SLM operation (ξ m ). The discrete topological phases are manifested when SU (d) operations are performed on maximally entangled states with anti-symmetric coefficients α m,d−m+1 = 1/ √ d and α mn = 0 for n = d − m + 1. The SLM was programed to assume different configurations parametrized by t, satisfying k ξ k (t) = 0 and ξ k (0) = 0 ∀ k. With these settings, the coincidence function becomes
For different SLM operations the interference pattern C(θ, t) displaces and changes the visibility. Fractional topological phases are observed as the phase shifts of the interference fringes when the maximal visibility is recovered. We have tested the discrete phases for two entangled qubits (d = 2), qutrits (d = 3) and ququarts (d = 4). Photon pairs exiting a double-slit are prepared in a spatial two-qubit state. The state prepared is characterized by the coefficients α 12 = α 21 = 1/ √ 2. Inside the Sagnac interferometer, the SLM is set for
The control parameter t is kept constant at each scan of the Ph-Sh's angle θ. We use the parameter t for condensing the notation. It is interesting to visualize that the cyclic SU(d) transformation implemented by the SLM is continuous and different unitary operations can be done in a cycle. The experimental results are shown in Fig. 3 .a. The visibility of the two-photon interference curve decreases with t, reaching a minimum value at t = 0.5, and returns to the original value when the full cycle is completed at t = 1. The interference curve is then shifted by (182 ± 7)
• which is confirmed by the theoretical value of 180
• expected for qubits. The experimental shift value was obtained from the fits shown in Fig. 3 . The theoretical expression used for the experimental fit was C(θ) = , where v, a, and b are fit parameters. In the second case, a 3-slit array prepares the two-qutrit entangled state [43, 44] . The SLM was programed with
with t ∈ [0, 1] and H(t ′ ) is the Heaviside function. The resulting measurements for t = 0, t = 0.5 and t = 1 are shown in Fig. 3 .b. The reference curve was obtained with t = 0. For t = 0.5, the interference visibility decreases because the resulting evolution is not cyclic. A cyclic evolution is achieved for t = 1, when the visibility recovers its initial value and the measured fringes are shifted by (126 ± 3)
• . This value was obtained from the fits and is in good agreement with the theoretical prediction for qutrits (φ top = 2π/3).
In the last example, a spatial two-ququart state is prepared. The SLM is programed to implement the following operation:
The resulting interferences are shown in Fig. 3 .c. We see that the visibility for t = 0.5 is close to zero, and for t = 1 the initial visibility is recovered. The observed phase shift was (94 ± 3)
• as expected for d = 4. Single count oscillations in all measurements are very small (less than 3%) and are not responsible for the interference patterns measured by the coincidences. Fig. 4 shows the plot of the measured fractional topological phases and the expected theoretical values in terms of the dimension of the different qudit states.
Notice in Fig. 3 that the visibilities of the measured interference patterns for t = 0 and t = 1 are lower than the predicted visibilities of 1.0 [17] . These visibilities are independent of the dimension of the qudit states and are between 0.3 and 0.4. We checked for possible causes. Signal and idler temporal indistinguishability was tested by measuring a Hong-Ou-Mandel dip [38, 39] with photons exiting the crystal and after they exit the interferometer. Dips with visibilities 0.93 ± 0.01 and 0.88 ± 0.03 were measured by following the method described by G. Di Giuseppe et. al. in reference [40] after the crystal and at the exit of the interferometer, respectively. Another cause is the mode mismatching between the transverse modes of photons exiting the slits and the coupled modes to the optical fibers that connect the interferometer exit and the detectors. This was tested with an attenuated He-Ne laser beam that crossed the interferometer and the measured visibility was 0.42 ± 0.03. The phase shifter was tested independently and oscillations with visibilities near 1.0 were obtained. Therefore the main cause of the discrepancy between the predicted visibilities and the measured ones is the imperfect transverse and longitudinal mode matching. This discrepancy does not affect the measurement of the topological phase for qudits. The measured phase is obtained from the interference pattern displacement [SU(d) operation applied; t = 1] when compared to a reference interference pattern [no SU(d) operation applied; t = 0] as shown in Fig. 3 . The interference pattern displacements are independent of the pattern visibilities.
In conclusion, we have measured the fractional topological phases acquired by entangled qudits following cyclic evolutions under local SU(d) transformations. We have designed an experiment for measuring the topological phase acquired by qudits, when the photonic spatial structure is efficiently operated by a spatial light modulator. The results for maximally entangled states are conclusive. The experimental two-photon interference patterns confirm that under local SU(d) operations, maximal visibility can only be attained with fractional phase shifts (5) for three values of t: t = 0 (black squares and black line), t = 0.5 (red circles and red dashed line), and t = 1 (blue triangles and blue dot line). The measured topological phases obtained from the experimental fits are: (182 ± 7)
• for the qubits, (126 ± 3)
• for qutrits and (94 ± 3)
• for ququarts. 
